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OPERATORS OF SUBPRINCIPAL TYPE 


NILS DENCKER 


1. Introduction 

We shall consider the solvability for a classical pseudodifferential operator P £ \1/™(M) 
on a C°° manifold M. This means that P has an expansion p m + p m -i + • • • where 
Pk G Sfr om is homogeneous of degree k, V k, and p rn = cr(P) is the principal symbol of the 
operator. A pseudodifferential operator is said to be of principal type if the Hamilton 
vector field H Pm of the principal symbol does not have the radial direction £ • on p m l (0), 
in particular H Pm 7^ 0. We shall consider the case when the principal symbol vanishes of 
at least second order at an involutive manifold E 2 , then P is not of principal type. 

P is locally solvable at a compact set K C M if the equation 

(1.1) Pu = v 

has a local solution u £ T>\M) in a neighborhood of K for any v £ C°°(M) in a set of 
finite codimension. We can also define microlocal solvability of P at any compactly based 
cone K C T*M , see Definition 12.61 

For pseudodifferential operators of principal type, it is known [1] p(0] that local solv¬ 
ability is equivalent to condition (T) on the principal symbol, which means that 

(1.2) Irn ap m does not change sign from — to + 

along the oriented bicharacteristics of Re ap m 

for any 0 / a 6 C°°(T*M). The oriented bicharacteristics are the positive flow-out 
of the Hamilton vector field H^ eaprn 7^ 0 on which Re ap rn = 0, these are also called 
semibicharacteristics of p m . Condition (j 1.2 [) is invariant under multiplication of p m with 
non-vanishing factors, and symplectic changes of variables, thus it is invariant under 
conjugation of P with elliptic Fourier integral operators. Observe that the sign changes 
in fll.2p are reversed when taking adjoints, and that it suffices to check (11.21) for some 
a 7^ 0 for which Hn eap 7^ 0 according to [TT, Theorem 26.4.12], 

For operators which are not of principal type, the situation is more complicated and the 
solvability may depend on the lower order terms. When the set E 2 where the principal 
symbol vanishes of second order is involutive, the subprincipal symbol (7 sub (P) = p m _ 1 is 
invariantly defined at E 2 . I11 fact, on E 2 it is equal to the refined principal symbol , see 
m Theorem 18.1.33]. 

In the case where the principal symbol is real and vanishes of at least second order at 
the involutive manifold there are several results, mostly in the case when the principal 
symbol is a product of real symbols of principal type. Then the operator is not solvable 
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if the imaginary part of the subprincipal symbol has a sign change of finite order on a 
bicharacteristics of one the factors of the principal symbol, see [ 6 ], [16], [19] and [20] . 

This necessary condition for solvability has been extended to some cases when the 
principal symbol is real and vanishes of second order at the involutive manifold. The 
conditions for solvability then involves the sign changes of the imaginary part of the 
subprincipal symbol on the limits of bicharacteristics from outside the manifold, thus on 
the leaves of the symplectic foliation of the manifold, see [12], [T3], [Q] and [23]. This 
has been extended to more general limit bicharacteristics of real principal symbols in j5]. 

When S 2 is not involutive, there are examples where the operator is solvable for any 
lower order terms. For example when P is effectively hyperbolic, then even the Cauchy 
problem is solvable for any lower order term, see [9] and pa- There are also results in 
the cases when the principal symbol is a product of principal type symbols not satisfying 
condition (T), see [T], [7], [ 8 ], [17] and [ 22 ]. 

In the present paper, we shall consider the case when the principal symbol (not neces¬ 
sarily real valued) vanishes of at least second order at a non-radial involutive manifold E 2 . 
We shall assume that the subprincipal symbol is of principal type with Hamilton vector 
held tangent to S 2 at the characteristics, but transversal to the symplectic leaves of S 2 . 
We shall also assume that the subprincipal symbol is essentially constant on the sym¬ 
plectic leaves of S 2 by (I2.8jh and does not satisfying condition (T), see Definition 12.41 
In the case when the sign change is of infinite order, we will need a condition on the 
rate of vanishing of both the Hessian of the principal symbol and the complex part of 
the gradient of the subprincipal symbol on the semibicharacteristic of the subprincipal 
symbol, see condition (I2.11F Under these conditions, P is not solvable in a neighborhood 
of the semibicharacteristic, see Theorem 12.71 which is the main result of the paper. In this 
case P is an evolution operator, see [2] and [3] for some earlier results on the solvability 
of evolution operators. 


2. Statement of results 

Let cr(P) = p G S™ om be the homogeneous principal symbol, we shall assume that 

(2.1) c(P) vanishes of at least second order at S 2 
where 

(2.2) S 2 is a non-radial involutive manifold 

Here non-radial means that the radial direction (£, d^) is not in the span of the Hamilton 
vector fields of the manifold, i.e., not equal to Hf on S 2 for some / G C 1 vanishing at 
S 2 . Then by a change of homogeneous symplectic coordinates we may assume that 

(2.3) S 2 = { e' = 0 } f = (£', £") e R k X R n-fe 

for some k > 0, this can be achieved by conjugation by elliptic Fourier integral operators. 
If P is of principal type near S 2 then, since solvability is an open property, we find that 
a necessary condition for P to be solvable at S 2 is that condition (T) for the principal 
symbol is satisfied in some neighborhood of E 2 . Naturally, this condition is empty on E 2 
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where we instead need some conditions on the subprincipal symbol 

(2.4) p s = p m _i + l - 9 Xj d^p 

3 

which is equal to p m -i on E 2 and invariantly defined as a function on E 2 under symplectic 
changes of coordinates and conjugation with elliptic pseudodifferential operators. (In the 
Weyl quantization, the subprincipal symbol is equal to p m - 1-) When composing P with 
an elliptic pseudo differential operator C , the value of the subprincipal symbol of CP is 
equal to cp s + \H p c = cp s at E 2 , where c = cr(C'). Observe that the subprincipal symbol 
is complexly conjugated when taking the adjoint of the operator. 

Let TT 12 be the symplectic polar to TE 2 , which spans the symplectic leaves of E 2 . If 
E 2 = { £' = 0 }, x = (x', x") G R fc x R n_fc , then the leaves are spanned by d x j. Let 

(2.5) T CT E 2 = TE 2 /TE£ 

which is a symplectic space over E 2 which in these coordinates is given by 

(2.6) rw 2 = { ((a*, 0, £"); (0, y", 0, 7 /')) : {y", rf) G T*R n ~ k } 

Next, we are going to study the Hamilton vector field H Pm _ 1 at E 2 . If H Prn l C T S 2 at E 2 
then we find that dp s vanishes on TE£ so dp s is well defined on T <J E 2 . In fact, p s = p m - 1 
on E 2 so if we choose coordinates so that (12.31) holds, then H Prn l C TE 2 is equivalent to 

(2.7) H Pm _ = -d x 'p m -i = —d x 'p s = 0 when £' = 0 

which is invariant under multiplication with non-vanishing factors when p s = 0. Let H Ps 
be the Hamilton vector field of p s with respect the symplectic structure on the symplectic 
manifold T CT E 2 . In the chosen coordinates we have 

dd Ps d^'P s d x " P s 

modulo d x >, which is non-vanishing if d x "pip s 7^ 0. Since p s = p m -i 011 ^2; the difference 
between H Prn l and H Pa is tangent to the leaves of E 2 . Actually, since the subprincipal 
symbol is only well defined on S 2 , the vector field H Ps is only well-defined up to terms 
tangent to the leaves. 

Because of that, we would need that the subprincipal symbol p s is constant on the 
leaves of E 2 , but that condition is not invariant under multiplication with non-vanishing 
factors when p s 7^ 0. Instead we shall use the following invariant condition: 

(2-8) \dp s \ TL \ < C 0 \p s \ 

for any leaf L of E 2 . Then p s is constant on the leaves modulo non-vanishing factors, 
according to the following lemma. 

Lemma 2.1. If dp s | TCT ^ 2 7^ 0, then condition (j2.8[) is equivalent to the fact that p s is 
constant on the leaves of E 2 after multiplication with a smooth non-vanishing factor. 
Thus, if S 2 = { £' = 0 } then (12.81) gives p s (x, 0, £") = c(x, f")q(x" , f") with 0 7 - c E C°°. 

Proof. Choose coordinates so that E 2 = { £' = 0 }. If p s 7^ 0 at a point wq G S 2 then (12.81) 
gives that d x ' logp s is uniformly bounded near wq, where logp s is a branch of the complex 
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logarithm. Thus, by integrating with respect to x' in a simply connected neighborhood 
starting at x' = x' Q we hnd that 

(2.9) p s (*,o,r) = c(*,m*",n 

where q{x",£") = p s (x' 0 ,x", 0, £") G C°° so 0 7-c6 C°° satishes c(x' 0: x", £") = 1. When 
p s = 0 we hnd that dRe zp s \ TCT ^ 7^ 0 for some z G C \ 0 by assumption. Thus we obtain 
locally that 

Ps(x, 0,0 = c±(x, £,")q±{x", £") on S± = { ± Re zp s (x, 0, f") >0} 

where q±(x= p s (x q, x", 0, £"), 0 7- c± G C°° and c±(x' Q , x", £") = 1 on S±. Then we 
hnd that p7 1 (0) is independent of x' and 

%„q± (a", £") = d°„d^,p s (x' 0 , x", 0, £") V a fi on S± 

so by taking the limit at S' = { Re zp s = 0 } we hnd that the functions q± extend to 
q G C°°. Since c + q = c_q = p s at S we hnd that c + = c_ at S when q 7^ 0. When q = 0 
at S we may differentiate in the normal direction of S to obtain that C-d v q = c+d u q and 
since d v q 7^ 0 the functions c± extend to a continuous function c. By differentiating and 
taking the limit we hnd that 

Vc_g + cV q = Vp s = Vc + g + cVq at S 

which similarly gives that Vc_ = Vc + at S so c G C 1 . By repeatedly differentiating c±q 
we hnd by induction that c G C°°, so we get smooth quotients c and q in f!2.91) . □ 

Now, a semibicharacteristic of p s will be a bicharacteristic of Reap s on T a T, 2, C°° 3 
a 7^ 0, with the natural orientation. Observe that condition (I2.7j) is only invariant under 
multiplication with non-vanishing factors when p s = 0. 

Definition 2.2. We say that the operator P is of subprincipal type if the following hold 
when p s = 0 on S 2 : S/' Pm _ 1 | S2 C TS 2 , 

(2.10) dp s \ t ^ 2 ^0 

and the corresponding Hamilton vector held H Ps of (12. 10ft does not have the radial direc¬ 
tion. We call H Ps the subprincipal Hamilton vector field and the (semi)bicharacteristics 
are called the subprincipal (semi)bicharacteristics on E 2 . 

Clearly, if (12.31) holds, then the condition that the Hamilton vector held does not have 
the radial direction means that 7^ 0 or d x "p s when p s = 0 on E 2 = { £' = 0 }. 

In the case when the principal symbol p is real, then a necessary condition for solvability 
of the operator is that the imaginary part of the subprincipal symbol does not change 
sign from — to + when going in the positive direction on a C°° limit of normalized 
bicharacteristics of the principal symbol p at E 2 , see [5]. When p vanishes of exactly 
second order on E 2 = { £' = 0 } such limit bicharacteristics are tangent to the leaves 
of E 2 . I11 fact, then Taylor’s formula gives H p = (£>£', d x >) + Od^'l 2 ) where B 7^ 0, so the 
normalized Hamilton vector helds have limits that are tangent to the leaves. When the 
principal symbol is proportional to a real valued valued symbol, this gives examples of 
non-solvability when the subprincipal symbol is not constant on the leaves of E 2 . Thus 
condition (12.81) is essential if there are no other conditions on the principal symbol. 
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Remark 2.3. If p s is real valued, then by the proof of Lemma 12.11 it follows from (12.8ft 
that p s has constant sign on the leaves of S 2 , since then c > 0 in (12.91) . 

Definition 2.4. We say that P satisfies condition Sub(T) if Im ap s does not change sign 
from — to + when going in the positive direction on the subprincipal bicharacteristics of 
Re ap s for any 0 7- a G C°°. 

Thus, condition Sub(T) is condition (T) given by (II.2ft on the subprincipal symbol p s . 
Observe that since p s is only defined on T 2 , the Hamilton vector field H Ps is only well 
defined in T a T 2 = TT 2 /TT 2 , thus it is well defined modulo d x >. But if (12.8ft holds then 
we find that Sub(T) is a condition on p s with respect to the symplectic structure of T a T 2 . 
In fact, by the invariance of condition (T) given by pT] Lemma 26.4.10] condition Sub(T) 
holds for any a ^ 0 such that Hn eaps ^ 0, so we may assume by Lemma 12.11 that p s is 
constant on the leaves of S 2 . 

Since condition Sub('F) is invariant under symplectic changes of variables and multipli¬ 
cation with non-vanishing functions, it is invariant under conjugation of the operator by 
elliptic Fourier integral operators. Observe that the sign change is reversed when taking 
the adjoint of the operator. 

Recall that the Hessian of the principal symbol Hessp is the quadratic form given by 
d 2 p at T 2 which is defined on the normal bundle NT 2 , since it vanishes on TT 2 . By 
the calculus Hessp is invariant, modulo non-vanishing smooth factors, under symplectic 
changes of variables and multiplication of P with elliptic pseudodifferential operators. 

Next, we assume that condition Sub('L) is not satisfied on a semibicharacteristic T 
of p s , i.e., Irn ap s changes sign from — to + on the positive flow-out of H Reaps 7^ 0 for 
some 0 / a 6 C°°. Now if the sign change is not of finite order, we shall also need 

an extra condition on the rate of vanishing of both the Hessian of the principal symbol 

and the complex part of the gradient of the subprincipal symbol on the subprincipal 
semibicharacteristic. Then, we shall assume that there exists C > 0, e > 0 and 0 7 - a £ 
C°° so that dReap s \ T r 2 7^ 0 and 

(2.11) || Hessp|| + | dp s A dp s \ < C\p s \ e when R eap s = 0 on S 2 

near T. Since (12.lip also holds for smaller e and larger C, it is no restriction to assume 

£ < 1. The motivation for (12. lip is to prevent the transport equation (16. ip to disperse the 
support of the solution before the sign change of the imaginary part of the subprincipal 
symbol localizes it, see Remark 13.11 We also find that Vp s is proportional to a real vector 
when p s = 0 since then dp s A dp s = 0. Then a is well-defined up to real factors. 

Remark 2.5. Condition (12.111) is invariant under multiplication of P with elliptic pseudo¬ 
differential operators and symplectic changes of coordinates. If (12.8ft also holds, then we 
obtain that 

(2.12) ||dHessp| TL || < Ci|p s | e/2 
for any leaf L of T 2 when Reap s = 0 near T. 

I11 fact, multiplication with an elliptic pseudodifferential operator with principal symbol 
c changes the principal symbol into cp, the Hessian of the principal symbol into cHessp 
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and the subprincipal symbol into 

1 

CPs + ~H p c at S 2 

where the last term vanishes at £ 2 and contains the factor Hessp, modulo terms vanishing 
of second order at S 2 . Now we have that 

| dcp s A dcp s \ < |c| 2 |dp s A clp s \ + C\p s \ 

Thus we find that (12.111) holds with p replaced by cp, p s replaced by cp s and a replaced 
with a/c. If (12. 8 p also holds and we choose coordinates so that S 2 = {£' = 0}, then 
we obtain from Lemma [2TT1 that \p s {x', x", 0, £")| = \p s {x' 0 , x", 0, £")| when \x' — x' 0 \ < c. 
Thus (12TTD gives 

|| Hessp(a/, x", 0, £")|| < C 2 \p s (x' 0 , x", 0, £")| £ when \x' — x' 0 \ <c 

To show (I2.12p it suffices to consider an element bjk(x', x", 0, £") of Hessp. Clearly \bjk\ < 
|| Hessp|| so by adding C 2 |p s (a:o, a:", 0, ^ // )| £ , we obtain that 

0 < bj k (x', x", 0 , £") < 2 C 2 |p s (x 0 , x", 0 , ^ ,, )| E when \x' — x' 0 \ < c 

Then we hnd that 

\d x 'bjk(xo, x", 0 , ^")| < Cyjb jk (xo, x", (),£,") < C\p s (x 0 , x", 0 , DT /2 
by m Lemma 7.7.2], 

We shall study the microlocal solvability of the operator, which is given by the following 
definition. Recall that H l ^(X) is the set of distributions that are locally in the L 2 Sobolev 
space /7( s )(A"). 

Definition 2 . 6 . If K C S*X is a compact set, then we say that P is microlocally solvable 
at K if there exists an integer N so that for every / e H ! ^(X) there exists u G V(X) 
such that K H WF(Pn - /) = 0. 

Observe that solvability at a compact set M C X is equivalent to solvability at S*X | 
by HB Theorem 26.4.2], and that solvability at a set implies solvability at a subset. 
Also, by m Proposition 26.4.4] the microlocal solvability is invariant under conjuga¬ 
tion by elliptic Fourier integral operators and multiplication by elliptic pseudodifferential 
operators. We can now state the main result of the paper. 

Theorem 2 . 7 . Assume that P G has principal symbol that vanishes of at least 

second order at a non-radial involutive manifold, is of subprincipal type, does not satisfy 
condition Sub(^>) on the subprincipal semibicharacteristic Y C T*X, and satisfies (I2.8j) 
near T. In the case the sign change in Sub(^>) is of infinite order we also assume condi¬ 
tion (12. lip near T. Then P is not locally solvable at T. 

Example 2 . 8 . Let 

(2.13) P = D 1 D 2 + B(x, D x ) 

with B G T);, then a(B ) is the subprincipal symbol on S 2 = {£1 = £ 2 = 0}. Mendoza 
and Uhlmann proved in [T3j that P was not solvable if Imcr (P) changed sign as X\ or x 2 
increases on S 2 , and they proved in [12] that P was solvable if Iul(t(P) 7 ^ 0 on £ 2 . From 













SUBPRINCIPAL 


7 


this it is natural to conjecture that the condition for solvability of P is that Im cr(B ) does 
not change sign on the leaves of E, which are foliated by d Xl and d X2 . But the following 
is a counterexample to that conjecture. Let 

(2.14) P = DiD 2 + D t + if (t, 2 , D x ) 

with real and homogeneous f(t,x,C.) £ S\ orn satisfying d x .f = 0(\f \) for j = 1, 2. This 
operator is of subprincipal type and satisfies ('12.8(1 . Then Theorem 12.71 gives that P is not 
solvable if t 1 —>- /(t, 2 ,£) changes sign of finite order from — to +, but observe that / has 
constant sign on the leaves of S 2 by Remark 12.31 Thus the solvability of the operator P 
in (12. 13ft also depends on the real part of the subprincipal symbol at S 2 . In fact, with 
the above conditions one can prove that DiD 2 + if(t, 2 , D x ) is solvable. 

Example 2.9. The linearized Navier-Stokes equation 

(2.15) d t u + dj(t , x)d Xj u + A x u = / a.j ( 2 ) £ C°° 

j 

is of subprincipal type. The symbol is 

(2.16) ir + i^ajit, 2)^-|£| 2 

j 

so the subprincipal symbol is proportional to a real symbol on £ 2 = {£ = 0}. Thus 
condition Sub(T) is satisfied. 

Now let S*M C T*M be the cosphere bundle where |£| = 1, and let ||w||(fc) be the L' 2 
Sobolev norm of order k, u £ C^°. In the following, P* will be the L 2 adjoint of P. To 
prove Theorem 12.71 we shall use the following result. 

Remark 2.10. If P is microlocally solvable at T C S* R n , then Lemma 26.4.5 in mi gives 
that for any Y d R" such that T C S*Y there exists an integer v and a pseudodifferential 
operator A so that WF(A) D T = 0 and 

(2.17) IMI(-iv) < C(\\P*u\\( u ) + ll'ull(-jv-n) + ||^4«||(o)) u £ C£°(Y) 
where N is given by Definition 12.61 

We shall prove Theorem 12.71 in Section [ 8 ] by constructing localized approximate solu¬ 
tions to P*u = 0 and use (12. 17(1 to show that P is not microlocally solvable at T. We 
shall first find a normal form for the adjoint operator. 

3. The normal form 

Assume that P* has the symbol expansion p rn + p m -i + ... where pj £ S 3 hom is homo¬ 
geneous of degree j. By multiplying P* with an elliptic pseudodifferential operator, we 
may assume that m = 2 . Choose local symplectic coordinates (t,x,y,r,£,r}) so that 
S 2 = {77 = 0 }, which is foliated by leaves spanned by d y . Since p 2 vanishes of at least 
second order at S 2 we find that 

p 2 (t, 2 , y, r, f, rj) = ^ B jk (t, 2 , y, r, f, r})r}jr} k 

jk 

where Bj k is homogeneous of degree 0 , W jk. 
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The differential inequality (12.8ft in these coordinates means that \d y p\ \ < C\pi\ when 
7] = 0, which by Lemma [2.11 gives that 

Pi(t, x, y, r, f, 0) = q(t, x , y, r, £)n (t, x, r, f) 

near T, where q is a non-vanishing smooth homogeneous function. By multiplying with 
a pseudodifferential operators with principal symbol equal to q~ l on E 2 we may assume 
that q = 1 and that p\ is constant on the leaves of E 2 near T. The Hamilton vector field 
of pi is then tangent to E 2 by (12. 7ft . 

We have assumed that P does not satisfy condition Sub(T) on a semibicharacteristic T 
of pi on E 2 . Since we are now considering the adjoint P* this means that Imapi changes 
sign from + to — on the flow-out T of H Reapi on Reapj" 1 (0) for some 0 7- a € C°°. By 
the invariance of condition Sub(T) given by by [11] Lemma 26.4.10], it is no restriction 
to assume that a is homogeneous and constant in y. By multiplication with an elliptic 
pseudodifferential operator having principal symbol a” 1 we may assume that a = 1. 
Since Irn p { changes sign on T there is a maximal semibicharacteristic T'c T on which 
Imp! = 0. Here R could be a point, which is always the case if the sign change is of 
finite order. 

Since P is of subprincipal type we find that d t _ x _ T ^ Re/q 7^ 0 on R by (12.10p so T' is 
transversal to the leaves of E 2 . Since Impi| r has opposite signs near the boundary of T', 
we may shrink T so that it is not a closed curve. Since H Repi is tangent to E 2 we can 
complete r = Repi to a symplectic coordinate system in a convex neighborhood of T' so 
that = 0 on E 2 . In fact, this is obtained by solving the equation H T q = 0 with initial 
value on a submanifold transversal to H r . The change of variables can be then done by 
conjugation with suitable elliptic Fourier integral operators. 

Now, by using Malgrange’s preparation theorem in a neighborhood of T' in E 2 we find 
that 

Pi(t, x, y, t, f, 0) = q(t, x , r, 0(r + r(t, x, £)) q ± 0 

near T, since p\ is constant on the leaves of E 2 . In fact, on T' we have that p\ — 0 and 
dpi 7^ 0, so the division can be done locally and by a partition of unity globally near T 
after possibly shrinking T. Then by using Taylor’s formula on pi we find since q 7^ 0 that 

(3.1) pi(t, x, y, r, f, 77) = q(t, x, r, 0 (r + r(t, x, f) + A(t, x, y, r, rj) ■ rj) 

By multiplying P with an elliptic pseudodifferential operator, we may again assume q = 1. 
Since p 2 vanishes of second order at E 2 , this only changes A with terms which has Hessp 2 
as a factor and terms that vanish at E 2 . 

We can write r = rq + zr 2 and A = Ai + iA^ with real valued r 3 and Aj, j — 1, 2. Now 
we may complete 

R epi=r + n(t, x , f) + Ai(t, x , y, r, rj) ■ rj 

to a symplectic coordinate system in a convex neighborhood of T'. Since H Repi G TE 2 at 
E 2 we may keep E 2 = (p = 0 }, which preserves the leaves of E 2 on which pi is constant. 
Thus, we find that 


(3.2) 


Pi = t + if(t, x, £) + iA(t, x, y, r, £, rj) • i) 
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where / = r 2 and A = H 2 are real valued. We also find that 

(3.3) r = { (t,x 0 , y 0 , 0,£ o , 0) } tel 

where / is an interval in R. The symplectic change of coordinates can be made by 
conjugation with elliptic Fourier integral operators, which only changes A with terms 
having Hessp 2 as a factor and terms that vanish at E 2 . Observe that A need not be real 
valued after these changes. 

We have assumed that condition Sub(T) is not satisfied for P on the subprincipal 
semibicharacteristic T. Thus the imaginary part of the subprincipal symbol of P* on E 2 

(3.4) ti->f(t,xo,£ 0 ) 

changes sign from + to — as t increases on / C R. Similarly, we have that / = 0 
on T' where T' is given by (13. 3 p with / replaced by /' C /. By reducing to minimal 
bicharacteristics on which t ha- /(£, x, £) changes sign as in [lOj p. 75], we may assume 
that / vanishes of infinite order on a bicharacteristic T' arbitrarily close to the original 
bicharacteristic, if T' is not a point (see [ 2 T, Section 2 ] for a more refined analysis). If T' 
is not a point then it is a one-dimensional bicharacteristic by [TUI Definition 3.5], which 
means that the Hamilton vector field on T' is proportional to a real vector. 

In fact, if f(a,x o,£o) > 0 > f(b,x o,£o) f° r some a < b, then we can define 

L(x, £) — inf {t — s : a < s < t < b such that f(s, x, £) > 0 > /(£, x, £) } 

when (x, £) is close to (xo,£o), and we put L 0 = luninf^)-^^) L(x, £). Then for every 
e > 0 there exists an open neighborhood V e of (xo, £ 0 ) such that the diameter of V e is less 
than e and L(x,£) > L 0 — e/2 when (x, £) G V £ . By definition, there exists (x e ,£ e ) G V e 
and a < s e < t £ < b so that t e — s £ < L 0 + e/2 and f(s e , x £ , £ e ) > 0 > f(t £ , x £ , £ e ). Then 
it is easy to see that 

(3.5) d*df!f(t, x £ , £ e ) = 0 Va/3 when s £ + £ < t < t £ — e 

since else we would have a sign change in a smaller interval than Lq — e/2 in V £ . We may 
choose a sequence £j —> 0 so that s £j —» s 0 and t £j —> t 0 , then L 0 = t 0 — s 0 and (13. 5 p holds 
at (xo,£o) f° r sq < t < to. 

We also obtain the following condition from (12. lip . 

Remark 3.1. If the sign change of £ ha- /(£, x, £) is of infinite order on T, then we find 
from assumption ( 12 .lip that 

(3-6) || { B jk } jk || + \A\ + \df\ < \ f\ £ near T on E 2 

for some e > 0. Here a < b (and b > a) means that a < Cb for some C > 0. 

In fact, terms having Hessp 2 | S2 = { Bjk } jk as a factor can be estimated by (12. lip , 
so we may assume that (13. 2 p holds with real A. The subprincipal symbol is equal to 
Ps = Pi +i ^2jk dyjBjkPk modulo terms that are 0(\r]\ 2 ) so p s = p\ on E 2 . By Remark [2751 
and ( 12 . 8 p we can estimate the terms d Vj Bjkdr]k in dp s by replacing £ with e /2 in ( 12 . lip , 
so we may replace p s by p\ in the estimate. Let 0 / a = ai + «a 2 with real valued aj 
in ( 12 .lip , so that dR,eap\ \ T ^ 7 ^ 0. We have dpi = dr + i(df + Adi )) on S 2 so 

\dpi A dpil = \df\ + |A| on E 2 
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Thus we find from (12. lip that \df\ + |A| = 0 on R. Since d R,e ap 1 1^ 0 we find that 
ai 0 on T'. On E 2 we have that Reapi = air — a 2 f = 0 when r = a 2 //ai. We obtain 
that 

Irn api = a 2 r + a\f = |a| 2 // a i when Reapi = 0 on E 2 near R 
which gives (13.61) from (12.lip . 

We obtain the following normal form for these operators of subprincipal type: 

(3.7) P* = D t + F(t,x,y, D t ,D x ,D y ) 

where F ~ F 2 + Fi + ... with homogeneous Fj G C°°(R, S 3 hom ). Here F 2 vanishes of at 
least second order on E 2 = { rj = 0 }, so we find by Taylor’s formula that 

(3.8) F 2 (t, x, y, r, £, rj) = B(t, x, y, r, £, rj) = B jk (t, x, y, r, £, r))^ 

jk 

with homogeneous Bj k , then {Bj k }j k | = U.essF 2 (t,x,y,r,^,0). Also we have that F\ 

vanishes on the semibicharacteristic T' and 


(3.9) F 1 (t, x, y, r, R rj) = if(t, x,£)+A{t, x, y, r, f, rj) ■ 7] 

Here / is real and homogeneous of degree 1 and A | = d ri F] | E2 . We have that the 

principal symbol cr{P*) = F 2 , and the subprincipal symbol cr snfe (P*) = r + if on E 2 . 
Thus we obtain the following result. 


Proposition 3.2. Assume that P satisfies the conditions in Theorem 2.1 . Then by 
conjugation with elliptic Fourier integral operators and multiplication with an elliptic 
pseudodifferential operator we may assume that 


(3.10) P* = D t + F(t,x,y, D t ,D x ,D y ) 

microlocally near T = { (t, xq, yo, 0, £o, 0) : t G / } C E 2 where S\ 3 F = F 2 + F\ + ... 
with Fj G S 3 hom is homogeneous of degree j and 


F 2 = Y1 x ’ d’ r ’ v)VjVk e S 2 hom 

jk 

vanishes of second order on E 2 . We may also assume that 

Fi(t, X , y, r, R rj) = if(t, x, £) + A(t, x, y, r, 

is homogeneous of degree 1 and f is real valued such that t i —> f(t,x o,£o) changes sign 
from + to — as t increases on I C R. If f(t,x 0 ,f 0 ) = 0 on a subinterval I' C I such that 
\I'\ 0, then we may assume that d!fd^d^f(t,x o,£o) =0? V/ca/3, for t G I'. If the sign 

change of f is of infinite order then (13.61) is satisfied near T. 

For the proof of Theorem 12.71 we shall modify the Moyer-Hormander construction of 
approximate solutions of the type 

i\u(t,x,y) ffif X, y)\- j/N A > 1 

j> 0 


(3.11) 


Ma (t,x,y) = e 
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with N to be determined later. Here the phase function oj(t,x) will be complex valued, 
but Irn u > 0 and <9 Rea; ^ 0 when Imw = 0. Letting z = ( t,x,y ) we therefore have the 
formal expansion 

(3.12) p(z, D)(exp(iXuj)(j)) ~ exp(zAu;) d^p(z, Xd z co(z))TZ a (uj, A, D)(j>(z)/a\ 

a 

where 1Z a (oj,X, D)ip(z) = D™(exp(iXuj(z, w))(p(w))\ _ and 

u(z, w) = c o{w) — co(z) + (z — w)du(z) 

Observe that the values of the symbol are given by an almost analytic extension, see 
Theorem 3.1 in Chapter VI and Chapter X:4 in [18]. This gives 


(3.13) e~ iXu P*e iXu <t> = 

(Xd t uJx + X 2 B(t, x, y, d t , x , y u) + iXf(t, x, d x u) - Xd 2 B(t, x, y, d t , x , y uj)d 2 uj) / 2)0 
+ D t (p + A d v B(t, x , y, d tiXi yu)D y <j) + c%B(t, x, y, d t ^ y uj)D 2 ^/2 
+ id(f(t, x, d x u)D x (j) + A(t, x, y, d t . X) yUj)D y 0 + ^ A ~ 3 Rj(t, x, y, A,*,?,)</> 

j> o 

where R 0 (t, x,y ) = F 0 (t,x,y,d t}X} yU>). Here the values of the symbols at (t,x,y,d tiXty oj) 
will be replaced by finite Taylor expansions at (t, x, y, dt, x , y Rea;). In fact, the almost 
analytic extensions are determined by these Taylor expansions. 

Because of the inhomogeneity coming from the terms of B, we shall use a phase function 
u(t,x ) which is constant in y, so that 

(3.14) u x (t, x, y) = e lXui(t ’ x) ^ fait* x > y)^~ j/N A > 1 

j> o 

When dyU = 0 the expansion (13.13j) becomes 


(3.15) e p* e lXuj (f, = (A (d t cu x + if(t , x, d x uj))<j> 

+ D t <t> + d 2 B(t, x, y, d tjX u, 0)11^0/2 + A(t, x, y, d t>x u, 0 )D y <j) + x, d x u j)D x </> 

+ ^2 X , y, D ttXt y)<j> 

j> o 

where Ro(t,x,y ) = F 0 (t,x,y,d tjX <x>,0), and R m (t,x,y, D tjXjy ) are differential operators of 
order j in t, order k in x and order £ in y, where j + k + £<m + 2 for m > 0. In fact, 
this follows since d 3 T d^d^Fk G by homogeneity. 


4. The Eikonal Equation 

We shall first solve the eikonal equation approximately, which is given by the highest 
order term of (13.151) 

(4.1) d t uj+ if(t,x,d x u) = 0 

where t (->• f(t,x,£) changes sign from + to — for some (x, £) as t increases in a neighbor¬ 
hood of T = { (t, xo, £o) : t G / } on which /(£, x, £) vanishes. If |/| ^ 0 then by reducing 
to minimal bicharacteristics as in Section [3] we may assume that / vanishes of infinite 
order at T. We shall choose the phase function so that Imw > 0 and Crimea > 0 near 
the interval. By changing coordinates, it is no restriction to assume 0 G I. We shall use 
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the approach by Hormander [TO] in the principal type case and use the phase function to 
localize in t and x. Observe that since uj does not depend on y the localization in the y 
variables will be done in the amplitude 0. 

We shall take the Taylor expansion of ui in x : 

( 4 . 2 ) u(t,x) = w 0 (t) + (x - x 0 (t),Co(t)) + Y w a (t)(x - x 0 (t)) a /a\ 

2<\a\<K 

Here a = (aq, a 2 ,...), with aq e N, a\ = ay! and |a| = ay + a 2 + • • • • Then we find 
that 

( 4 . 3 ) dtfj{t,x) = w' 0 (t) - (x' 0 (t),£ 0 (t)) + (x - x 0 (t),£' 0 (t)) + Y w' a (t)(x-x 0 (t)) a /a\ 

2<| a\<K 

~ Y W a+e k (t)(x - X 0 (t)) a x' Q k (t)/a\ 

l<\a\<K-l 

k 

where e& = (0,..., 0,1, 0,..., 0) is the fc:th unit vector. We also find 

( 4 . 4 ) d Xj u(t,x) = £ 0j (t) + Y w a+ej (t)(x - x 0 (t)) a /a\ = £ 0j (t) + (Tj(t,x) 

l<\a\<K-l 

Here £o {t) = (£o,i(t), • • •) and a — {(jj }. is a finite expansion in powers of Ax = x — xq. 
We define the value of f(t, x,d x cu) by the Taylor expansion 


(4.5) f{t,x,d x uj) = f(t,x,£ 0 + <r) 


Now the value at x 
vanishes if 

(4.6) 


= /((, x, £o) + Xi 8(,f (*. x < + ’AS it d ii Ht,x,io)a j a k l2 + ... 

3 jk 

= Xq of (|4.1|) is equal to w' 0 (t) - (x' 0 (t), £ o (0) +if(t,Xo(t),£o(t))- This 

f Rew' 0 (t) = (x' 0 (t),£ 0 (t)) 

1 hnwo(t) = -f(t,x 0 (t),£ 0 (t)) 


so by putting w 0 (0) = 0 this will determine w 0 once we have (x 0 (t), £o(0)- 

We shall simplify the notation and put Wk = { w a k\/a\ }| Q | =fc so that Wk is a multilinear 
form. The first order terms in x — Xq of (14.11) vanish if 


e 0 (t) -w 2 (t)x' 0 (t) + i(d x f(t,x 0 (t),€ 0 (t)) + dsf(t,x 0 (t),£ 0 (t))w 2 (t)) = 0 


(4.7) 


We find by taking real and imaginary parts that 

= Re w 2 x' 0 + d%f (t, x 0 , £ 0 ) Im w 2 
x'q = (Im W 2 )~ 1 (d x f (t, Xq, £ 0 ) + ^/(f , Xq, f 0 ) Re W 2 ) 

with (x o (0), £ o (0)) = (^o>£o)j which will determine Xq( t) and £o(t) if | Imic 2 | ^ 0. 
The second order terms in x — Xq vanish if 

w' 2 /2 - wqx'q/2 + i(d ( fw 3 /2 + d 2 x f/2 + d x djw 2 + w 2 d\fw 2 l2) = 0 

which gives 

( 4 . 8 ) w' 2 = wqx'q - i(d(fw 3 + d 2 x f + 2d x d^fw 2 + w 2 d%fw 2 ) 

with initial data ^(O) so that lnuu 2 (0) > 0. 
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We find that the terms of order k > 2 vanish if 
(4.9) w' k - w k+1 x' 0 = F k (t, x 0 , &)) { w j }) 

where we may choose tCfc(O) = 0. Here F k is a linear combination of the derivatives of 
/ of order < k multiplied by polynomials in Wj with 2 < j < k + 1. When k = K we 
get w' K = F K (t, x 0 , £ 0) { Wj }) where j < K. The equations (14.7H - fl4.9l) form a quasilinear 
system of differential equations, which can be solved in a convex neighborhood of 0. In 
the case when |/| ^ 0 we have assumed that d^ x ^f(t,x o,£o) = 0, Vcq for f 6 /. Then we 
find from (j4. 7[) — (j4.9|) that x 0 , and w k are constant in f 6 /, so we may solve (I4.7p - (I4.9I) 
in a convex neighborhood of /. Observe that the lower order terms cannot change the 
condition that Irn d x oj > c > 0 and Imw(f, x) > 0 if \x — x 0 (£)| 1. Summing up, we 

have proved the following result. 

Proposition 4.1. Let T = { (t, x 0 , £ 0 ) : t £ 1} and assume that d^dfd^f(t,x 0 ,f 0 ) = 0 
for all t £ I in the case |/| ^ 0. Then we may solve (14. 1 j) with cu(t,x) given by (14.21) in 
a convex neighborhood 0 of T modulo 0(\x — x 0 (t) \ M ), VM, such that (x 0 (t), £ 0 (t)) = 
(^Oj'Co) when t £ I and w k {t ) £ C°° such that w 0 (t ) = 0, lm w 2 (t) > 0 and w k (t ) = 0, 
k > 2, when t £ L 

Then we obtain that Imw(f,s) > c\x — Xo (£)| 2 near T, c > 0, so the errors that are 
0(\x — x 0 \ M ) in the eikonal equation will give terms that are bounded by Cm A -a/ / 2 . But 
we have to show that t n- /(t, x 0 (t), fo(t)) also changes sign from + to — as t increases for 
some choice of (xo,^o)- This problem will be studied in the next section, with a special 
emphasis on the finite vanishing case. By (14.6[) we then obtain that t t—)■ Imic 0 (^) has a 
local minimum on / which can be equal to 0 by subtracting a constant. 

5. The Change of Sign 

We have assumed that condition Sub(T) for P is not satisfied near the subprincipal 
semibicharacteristic T = { (t,x o,£o) : t £ I}, so that t (->■ f(t,x,£,) changes sign from + 
to — for some ( x , £) as t increases near T. But after solving the eikonal equation we have 
to know that t ha /(t, x 0 (t),£ 0 (t)) has the same sign change, possibly after changing the 
starting point (xo,£o)- In order to do so we shall use the invariance of condition Sub(T), 
but note that condition (13. 6 p is only assumed when the change of sign is of infinite order. 
Therefore we shall first consider the case when the sign change is of finite order and show 
that this condition is preserved after solving the eikonal equation. Thus assume that 

(5.1) $f(t 0 ,x 0 ,fo) < 0 and ^f{t 0 ,x 0 ,f 0 ) = 0 for j < k 

for some odd integer k, where we may assume to = 0. Now, if the order of the zero 
is not constant in a neighborhood of (x 0 ,£o) then in any neighborhood the mapping 
t ha f(t,x,£) must have a zero of odd order with sign change from + to —, and the 
order of vanishing is constant almost everywher on / - 1 (0). In fact, this follows since 
dtf 7 ^ 0 , t ha /(£, x, £) goes from + to — and the set where the order of the zero changes 
is nowhere dense in / _ 1 ( 0 ) since it is the union of boundaries of closed sets in the relative 
topology. By possibly changing (t 0 ,x 0 ,£, 0 ) we may assume that (15. ip holds with t 0 = 0, 
and that the order of the zero is odd and constant near (xo,£o), then the zeros forms a 
smooth manifold by the implicit function theorem. By using Taylor’s formula, we find 
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that f(t,w ) = a(t, w)(t — to(w)) k , where k > 1 is odd, w = (;r,£), t 0 (wo) = 0 and a < 0 
in a neighborhood of w 0 = {x 0 ,^ 0 ). Then we find 

(5.2) d w f = d w a(t - t 0 ) k - ak(t - tof^dwt 0 

which vanishes of at least order k — 1 in t at / _1 (0). Let w(t) = (x 0 {t), ^ 0 {t)) then 

)) = f{t,w 0 ) + d w f(t,w 0 )Aw(t) + 0(\Aw(t))\ 2 ) 

where A w(t) = w(t) — wq. Now t (->■ f(t,wo) vanishes of order k in £ at 0 and t H > 
d w f (t, wo ) vanishes of at least order k — 1, so if t (->■ A w(t) vanishes of at least order k 
then by (15.21) we find that t t->- f(t,w(t )) vanishes of order k. Since ^A w(t) = w'(t), we 
will need the following result. 


Lemma 5.1. Let (xo(t),£o(t)) be the solution to the equation (14.71) with Im 1112 ( 0 ) 7 ^ 0 
and assume that t 1 —> d w f(t,x o,£o) vanishes of order r > 1 at t = 0. Then (x' 0 (t), £(,(£)) 
vanishes of order r and Aw(t) vanishes of order r + 1 at t = 0 . 


Proof. By (14.7[) we have that 

(5.3) w\t) = (a/ 0 (t),f(,(£)) = A(t)d w f(t, w(t)) w( 0 ) = w 0 


Here we have |A(0)| 7 ^ 0 if lmw 2 (0) 7 ^ 0, in fact w/(0) = 0 then gives d^f(0,w o ) = 0 and 
d x f(0,w o ) = 0 by (STTD- 

Now we denote f> 0 (t) = d w f(t,w 0 ) and = d w f(t,w(t)). Then we have that 

w'(t) = A(t)(f>i(t) and the condition is that <fo (£) vanishes of order r > 1 at 0. We 
shall proceed by induction, and first assume that r = 1. Since w(0) = w 0 we find 
0i(O) = </>o(0) = 0 and thus it/(0) = 0. 

Next, for r > 1 we assume by induction that w'{t) vanishes by order r — 1 at 0 so 
iy( fc )(o) = 0 for k < r, and then we shall show that w^(0) = 0 so that w' vanishes of 
order r. By using the chain rule we obtain that 


(5.4) 


d r t ( g{t,w{t ))) 



Cj,*d 3 tdZg{t,w(t)) 


w^ ri \t) 


0<j <r i =1 

Ei n+j=r 


for any g(t,w ) G C°°. Thus, for g = d w f we find that 

} ( 0 ) + d k ~ x dlf( 0,x o ,Co)w\0) + • • • + dlf(0,x o ,Co)w {k) (0) = f ( 0 k) ( 0 ) = 0 


for k < r, since the other terms has some factor w^\ 0 ) = 0 , j < k, which implies that 
f>i (t) vanishes for order r. Since w' = A<pi we hnd that w'{t) vanishes of order r, which 
gives the induction step and the proof. □ 


Now, if f(t,wo) vanishes of order k then d w f(t,w 0 ) vanishes of order k — 1. Thus 
w'ft ) vanishes of order k — 1 by Lemma 15.11 and since w(0) = wq we hnd that A w(t) 
vanishes of order k. Thus, we hnd that f(t,w(t )) — f(t,wo) vanishes of order 2k — 1, 
so these terms vanish of same order if k > 1. In the case k = 1, we shall use an 
argument of Hormander [10j for the principal type case. We obtain from (14.6[) that 
d t ( f(t,w(t ))) = — Imnjg'(i) thus 

(5.5) ImW q( 0) = -d t f(0,w 0 ) - d^f(0,w o ) ■ £0 - d x f(0,w o ) ■ x' 0 
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(5.6) 


where d t f(0,w 0 ) = — c < 0. We find from (14. 7 j) that 

fo(°) = Rein 2 (0)a;o(0) + <%/(0, w 0 ) lmw 2 (0) 

^o(O) = (lmw 2 (0))~ 1 (d x f(0,w 0 ) + d^f(0,w o ) Rew 2 (0)) 

If d^f(0,wo) = 0 then we find that a)g(0) = (Imw 2 (0)) -1 <9 x /(0, wo) and obtain 

(5.7) Im w'q(O) = c- d x f(0,w o )(Imw 2 (0))~ 1 d x f(0,w o ) > c/2 > 0 

by choosing lmin 2 (0) =kM with n 1. If <9^/(0, wo) ^ 0 then we may choose Reu> 2 (0) 
so that 


(5.8) d x f(0,w 0 ) + d(f(0,w o ) Reru 2 (0) = 0 
Then we find Xq( 0) = 0 and we obtain 

(5.9) Imw^O) = c — <9|/( 0,w o ) lmw 2 (0)d^f(0,w 0 ) > c/2 > 0 

by choosing lmw 2 (0) = sld with 0 < k <C 1. Thus in both cases we find that 
d t f(t,w(t)) = Imwo(f) < 0 at t — 0. 

We find that t (->• f(t, w(t )) changes sign from + to — of order k as t increases at t — 0. 
We may then rewrite the equation as 

(5.10) Imwo(f) = — t k c(t ) 

where c(t) > 0 in a neighborhood of the origin. Since Im ty 2 (0) > 0 we find that 

(5.11) e iX “ (t ’ x) < e -<*W k+1 +\*-xo\ 2 ) | x _ Xo | < 1 |t| < 1 

Thus the errors that are 0(\x — Xq\ m ) in the eikonal equation will give terms that are 
bounded by C M \~ M / 2 . 

We shall also consider the case when t t —y f(t,x,£) changes sign from + to — of infinite 
order near T. If T is not a point, then by reducing to a minimal bicharacteristic as 
in Section [3l we may assume that f(t,x o,£o) vanishes of infinite order when t E / and 
|/| 7 ^ 0. We then obtain an approximate solution to the eikonal equation by solving (14.71) - 
(14.91) with initial data w — (x, £) and w^{ 0), k > 2, which gives a change of coordinates 
(t,w) (t,w(t)). If in any neighborhood of T = { (t,x o,£o) : t E 1} there exist points 

in / _1 ( 0 ) where d t f < 0 , then as before we can construct approximate solutions in 
any neighborhood of T satisfying (15 .lift with k — 1. If dtf > 0 on / _ 1 (0) in some 
neighborhood of T, then by the invariance of condition (T) there will still exist a change 
of sign of t i —y from + to — in any neighborhood of T after the change of 

coordinates, see [H] Lemma 26.4.11], (Recall that conditions (12. 8 j) and (12. 11 j) hold in 
some neighborhood of T.) Thus if F'(t) = — Imio^i) = f(t,w(t )) then t H > F(t ) has a 
local maximum at some t = to, and after subtraction the maximum can be assumed to 
be equal to 0. By choosing suitable initial value (x 0 , £o) f° r (14. 71) at t — t 0 we obtain that 

(5.12) e iAw(t,x) < e X(F(t)-c \x-x 0 \Z) | x _ ^1 1 

where F'(t) = )) so that max/ F(t) = 0 with F(t) < 0 when t I near dl. 


Proposition 5.2. Assume that t (->■ /(i, x 0 , £o) changes sign from + to — as t increases 
near I and that d/dfd 1 ^ f(t,xo,fo) = 0 for all t E I when |/| ^ 0. Then we may solve (14.11) 
in a neighborhood Q of V = { (£, x 0 ,£o) : t E 1} modulo 0(\x — x 0 (t)\ M ), VM, with 
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oj(t,x ) given by (14.21) such that the curve t (->• (xo(t), £o(t)), t G {ti,t 2 ), is arbitrarily 
close to T, Wk{t) G C°°, Imw 2 (i) > c > 0 when t G (ti,t 2 ), Im w 0 (t) = 0 and 

Imw 0 (^) = c > 0, j = 1, 2. 

Observe that since Imwo > 0 we find that f(t 0 ,x 0 (t 0 ),^ 0 (t 0 )) = — lining(t) = 0 at a 
minimum to G (ti,t 2 ). As before, the errors that are 0(\x — Xq\ m ) in the eikonal equation 
will give terms that are bounded by CmX~ mr , VM. Observe that cutting off where 
Irn Wo > 0 will give errors that are 0(X~ AI ), VM. 

6. The Transport Equations 

Next, we shall solve the transport equations given by the following terms in (13.151) : 

(6.1) D t (f) + d y B(t, x , y, d t , x uj, O)T>y0/2 + A(t, x, y, d t . x uj, 0 )D y (j> + x, d x uj)D x (j) 

+ ^2 X , V, D t,x,y )0 

j> o 

near F = { (t, x 0 , yo, 0, f 0 , 0) : tel}. Here R 0 (t,x,y) = F 0 (t,x,y,d t , x oj, 0) and when 
m > 0 we have that R m (t, x, y, D t X)y ) are differential operators of order j in t, order k in 
x and order £ in y, where j + k + £ < m + 2. Assuming the conclusions in Proposition 15.21 
hold, we shall choose suitable initial values of the amplitude (j) at t = t 0 , which is chosen 
so that Irn Wo(to) = 0. Observe that the second order differential operator given by the 
first four terms in (16.11) need not be solvable in general. Instead, by Lemma [6.11 we can 
treat the D x and D y terms as perturbations, using condition (13.61) in the infinite vanishing 
case. 

Since the phase function oj(t,x) is complex valued, we will replace the values of the 
symbols at (r, £) = d t , x uj(t,x) by finite Taylor expansions at (Kew' 0 (t), £o(t)). By (14.31) 
and (14.4p this will give expansions in powers of x—x 0 (t) and Imu>o(t) = —/(£, x 0 (t), £ 0 (£))- 
Then, we shall solve the transport equations up to arbitrarily high powers of x — Xq( t) 
and /. Since the imaginary part of the phase function Imca > 0 vanishes of second order 
at x = Xo(t) we will obtain by Lemma 16.11 below that this will give a solution modulo 
any negative power of A. 

We shall use the amplitude expansion 

(6.2) <j>(t, x,y) = Y^ Q~ k Mti x , V) 

k> 0 

and solve the transport equation recursively in k. Here (f>k depends on g but with uniform 
bounds in a suitable symbol class, and g = A 1//iV with N to be determined later. By doing 
the change of variables (t, x, y) (->• (t — t 0 , x — x 0 (t),y — y 0 ) we find that D t changes into 
Dt — x' 0 (t)D x which does not change the order of Rj as differential operator. Thus we 
may assume t 0 = 0, x 0 (t ) = 0 and y 0 = 0. 

Next, we apply (16.11) on 0 given by (16.21) . Since g = A 1/,,v we obtain the terms 

(6.3) D t (j> + A 0 (t, x)D x <j> + Ax(t, x, y)D y c/) + A 2 (t, x, y)D^ 

+ ^ ^ Q ^ Rj(t,x,y,D t , x , y )(j) 
j> o 
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where A 0 (t, x) = id^f(t, x, £o (t) + cr(t, x)) — x' 0 (t), 

(6.4) Ax(t, x, y) = A(t, x, y, d t u(t, x),£ 0 (t) + a{t, x), 0) 
and 

(6.5) A 2 (t, x, y) = d 2 B 2 (t, x, y, d t u(t, x),£ 0 (t) + a{t, x), 0)/2 

Here a{t,x ) is given by (14.41) and d t u(t,x) by (14.31) . where the expansion will be up to a 
sufficiently high order in x. Observe that after the change of variables we have cr(t, 0) = 0. 
The values of the symbols will as before be defined by finite Taylor expansions in the r 
and £ variables, which gives expansions in powers of x and f(t, 0, £(£)). 

We are going to construct solutions (j> k (t,x,y) = (p k {t,x, gy) so that y t->- ip k (t,x,y ) G 
C™ uniformly in g, which gives localization in \y\ < g . Therefore we shall choose gy as 
new y coordinates, then (16.3ft becomes 

( 6 . 6 ) D t 4> + A 0 (t, x)D x (j) + gAi(t, x, y/g)D y (f) + g 2 A 2 (t, x, y/g)D 2 </> 

+ 6~ 3NR j(^ v/e, A D t, D x , gD y )<j> 

j> o 

By Proposition 15.21 the phase function e lXw ( t ’ x ) gives the cut-off in x, and we shall expand 
the symbols in powers of x. Now the Taylor expansion of x i-> g 2 A 2 [t, x, y/g) will give 
terms that are 0(g 2 x). Therefore we take g 2 x as new x coordinates, which gives 

(6.7) D t 4> + g 2 A 0 (t, x/g 2 )D x cj) + gA 1 (t, x/g 2 , y/g)D y (j) + g 2 A 2 (t, x/g 2 , y/g)D 2 </) 

+ e~ 3NR j(t, y/g, x/g 2 , D t , g 2 D x , gD y )(j) 
3 > o 

Now the phase function = 0(e~ cgN 4 PI 2 ) in the new coordinates. So if we take 

N > 4 it suffices to solve the transport equation up to a sufficiently high order of x, then 
we may cut off where |;r| < 1, which corresponds to |x| < g~ 2 in the original coordinates. 
Thus we expand in x: 

( 6 . 8 ) (j) k (t, x ,y) = fa,ait > y)x a <t>k, a {t, y) e 

k,a 

A 0 (t,x/g 2 )D x = A o, a ,j{t)g~ 2lal x a D Xj , 

Aj(t,x/g 2 ,y/g) = ^A ji(X {t,y/g)g^ A x a j > 0 

a 

and 

(6.9) R k (t, x/g 2 , y/g, gD y , g 2 D x ) = ]T R k , aA ^(t, y/g)g- 2 ^ +2 ^x a D i t D^ 

OL,t,v,\± 

Here t + \u\ + \y\ < k + 2 so we have at most the factor p 2 M+H < ^ 2fc + 4 i n (|6,9[) . When 
k — 0 we have £ + \v\ + \y\ = 0 and Ro(t, x/g 2 , y/g) = Y/, a Ro,a{t, y / g)g~ 2 ' [A x a . Observe 
that the coefficients in the expansions are given by expansions in powers of f(t, 0, £(£)). 
After cut-off in x we find in the original coordinates that (f>k{t, x, y ) = (p k {t, g 2 x, gy) where 
ip k for any t is uniformly bounded in Cq°. 
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We shall first apply (16.71) on 0o and expand in x. Then we find that the terms that are 
independent of x are 


(6.10) D t (j ) 0) o - ig 2 ^2 A),o,j W<Ke,' + y/g)D y <j > 0 , 0 

j 

+ I? 2 ^ 2 ,o (t, y/ Q)Dy(j) 0) o + Ro, 0 (t, y/g)4> o,o 

We shall need the following result, which gives estimates on / and A 3 on the interval 
of integration. It will be proved in the next section. In the following, we shall denote 
f{t) = f(t,0,£o(t)) and F(t) = f(s)ds. Observe that /(0) = 0 since Imio^O) = 0. 


Lemma 6.1. Assume that the conclusions in Proposition ^. jj hold and that (13.61) holds if 
f i-> /(f) vanishes of infinite order at 0. Then there exists e and C > 1 with the property 
that if N > C, o — X 1 ^ > C and 


( 6 . 11 ) 


1/(01 + 


I A)( s , 0)| + |Ai(s,0,i//p)| + ||v4 2 (s, 0, y/ p)|| ds 


>C/q 3 


holds for some \y\ < g/C, then A F(s) < —A e jC for some s in the interval connecting 0 
and t. 


Observe that if Lemma [6 .1 1 holds for some e and C. then it trivially holds for smaller £ 
and larger C. We shall assume that £ < 1 and that both N and A are large enough so 
that the conclusion in Lemma [6.11 holds. Since (16.11ft does not hold when t = 0, we can 
choose the maximal interval / containing 0 such that (16.lip does not hold in /, thus 


(6.12) |/(t)| + 


|4)(s,0)| + |Ai(s,0,|//p)| + ||A 2 (s, 0, yj p)|| ds 


<C/g 3 


tel 


when \y\ < g/C. By definition we obtain that (16.lip holds for some \y\ < g/C when t e dl 
so Lemma [6.11 gives that A F < — A e at dlo for some open interval Jo C / that contains 0. 
This means that e lAa A*’°) = e XF ^ < C^X~ N for any N at dl 0 when A 1. Since F' — f 
is uniformly bounded and the left hand side of (16. 12p is Lipschitz continuous, we may 
cut off near I 0 with y(t) G S(l, \ 6 / N dt 2 ) C S^l, \ 2 ~ 2e dt 2 ) for 1 so that y(0) ^ 0, 

A F{t) < —A £ in suppy' and (16.12p holds with some C when t G suppy and \y\ < g/C. 
Then as before the cut-off errors can be absorbed by the exponential and the expansion 
in powers of f(t, 0, £(0)) = fit) is justihed. In fact, fit) = 0(g~ 3 ) in supp y, which gives 
errors of any negative power of g — A 1 ^. The bound on the integral in (16. 12ft means 
that we can ignore the Aj terms in (16.101) in supp y modulo lower order terms in g. In 
the following we shall change the notation and let / = supp y. We need to measure the 
error terms in the following way. 


Definition 6.2. For a(t) G L°°(R) and k > 0 we say that a{t) G I(k) if the integral 
f* a(s) ds = O(k) for all tel. 

For example, f(t) G /(p -3 ) and since the integral in (16.121) is 0(g~ 3 ) in / the integrand 
is in I(g~ 3 ). Then according to (16.12p it suffices to solve 


(6.13) 


Dt4>o,o — 


i,0 


tel 
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to obtain that the terms in (16.101) are in /(^ _1 ), here Ro t o{t,y/g ) € C°° uniformly since 
g > 1. Now we can solve (16.131) with 0 o , o (O ,y) = 4>{y) G Cq° uniformly with support 
where \y\ <C 1 such that 0(0) = 1. In fact, the solution is 0 o ,o (t,y) = E{t,y)(p(y), where 

/ rt \ 


E(t, y) = exp ( —i / R 0 , 0 (s,y/g) ds ) tel 


\ Jo / 

is uniformly bounded in C°°. Thus 0o,o (t,y) G C°° uniformly and by choosing (p(y) 
with sufficiently small support we obtain for any tel that 0o,o(L ■) has support in a 
sufficiently small compact set in which (16.12ft holds. 

The coefficients of the terms in (16.71) which are homogeneous in x of degree a ^ 0 in x 
are 


(6.14) A0 o,a + Ro,o(t, y/g)<t>o, a - i ^ A 0t/3J (t)(a j + 1 - 

l/9|=l 

j 

+ ^2 A-2,p{t,y/g)Dy(fi 0tOl -p 

l/3|=l 

modulo /(p -1 ). Letting = {pk,a}\ a \ =J and for k, j > 0, we find 

that (16.141) vanishes if $0 satisfies the system 

(6.15) D t $ 0>fc = S k 0fi $ 0 ,k + S ^ Q , k -r 

where S^ 0 (t) is a uniformly bounded matrix depending on t, and i(t,y / Q, D y ) is a 
system of uniformly bounded differential operators of order 2 in y when \y\ < g. Let 
Eo, k {t) be the fundamental solution to D t E 0)k = SQ 0 E 0yk so that E o ±(0) = Id, then 
letting $ 0 ,k(t,y) = E 0jk (t)^o t k(t, y) the system (16.15ft reduces to 

Dt^o,k(t,y) = E 0t lSQ tl E 0t k^o,k_i(t, y) 

This is a recursion equation which we can solve uniformly in / with T 0 ,k(t,y) having 
initial values 4/ o fe (0, y) = 0 for 0 < k < M. Observe that since the initial data < L 0 ,fc(0, 1 /) 
has compact support, we find that $0 ,k(t,y) G C°° uniformly. For any t we find that 
$ 0 ,k(t,y) has support in a sufficiently small compact set so that (j6. 12j) holds for any 
tel. 

We shall now apply (16.7|) to 0 given by the full expansion (j 6 . 8 j) . We find that the 
coefficients of the terms in (16.71) which are homogeneous of degree a 7 ^ 0 in x are equal 
to 


(6.16) g 1 (A0i,a + Rofl(t,y/e)<f>i, a ~ i ^ A 0! p tj (t)(aj + 1 - /3 j )(f) lja+e .-p 

l/5|=l 

j 

+ A zA t >y/Q) D l ( f ) h<*-P+ A hA^y/6) D l<t>o,a-p 

101 = 1 \p\=l 

— ig 3 E A 0 ,o,j(t)(aj + l)0 Oi a+ej + g 3 A 2 fi(t,y/g)Dl(j) 0ta ) 

j 

modulo I(g~ 2 ). We find that (I6.16|) vanishes if $1 satisfies the system 

(6.17) D t $ ltk = S* fl * 1>k + Sl^ hk _ 1 + A?<f> 0 
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where S k 0 (t) is a uniformly bounded matrix depending on t, S^^t, y/g, D y ) is a system of 
uniformly bounded differential operators of order 2 when \y\ < g and A® is a differential 
operator in y of order 2 with coefficients in 7(1) because of (I6.12j) . By letting dy ^ = 
E\ i^\ k with the fundamental solution E^ k to D t E lk = E\ k (0) = Id, this 

reduces to the equation 

A* i,fc = i,k-i + E-lA 0 ^ 

Thus we can solve (16 .1 71) in 7 recursively with uniformly bounded dyy having initial 
values dffifc(0, y) = 0, k > 0. But observe that dy is not in C°° uniformly, instead we 
have D{<&i = 0(g 3 ) if j > 1, since |^A°| < Cjg 3 , V j by (16.16j) . For that reason, we shall 
define S 3 g C C°° by 

(6.18) \did^(j>{t,y)\ < C jia g 3j Vja 

when (j) G S 3 . Observe that </> G S 3 if and only if (j)(t,y ) = x(^ 3 t,y) where x £ C°° 
uniformly, and that the operator g~ 3 D t maps S 3 H > S 3 . Note that the expansion of the 
symbols also contains terms with factors g 3 f k , k > 1, which are uniformly bounded in 
S 3 for t G 7 by (16.121) . Since f* dt G S 3 in I we find that dy G S 3 in 7. 

Recursively, the coefficients of the terms in (16.71) that are homogeneous in x of degree a 
are 

(6.19) g~ k {D t( p k}a -*£ + 1 — f3j)(f>k+2-2\0\,a+ej-/3 

+ '^2 A 1 ,p{t, y/ q)D y 4> k+ i-2\y\ ia -p + ^2 A 2> p(t, y/g)Dy(j) k+2 - 2 \p\, a -p 
p^o p^o 

— ig 3 £ Ao,o,j(t)(aj + l)0fc_i iQ+ej + g 3 Ai j0 (t,y/g)D y (f> k _ 2 : a 

j 

+ Q 3 A- 2 fi(tj y/g)Dy(j) k _i ta 

^+hl+|/i|<j+2 

modulo 7(^ _fc_1 ). Here the last sum has i + \ v\ + |/x| = 0 when j = 0, (g~ 3 D t ) ( maps 
S 3 H y S 3 and the values of the symbols are given by a finite expansion in powers of /(£). 
Since </y G S' 3 we obtain that the terms in (16.191) are in I(g~ k ~ l ) if 

(6.20) D t (f) kja i ^ ^ Ag ^)j(t^(Q'j T 1 f3j)<j) k J r2 — 2\P\,a+ej — ft 

P^o 

+ ^2 Al,p(ti y/Q)Dy(j> k+ l-2\p\,a-P + ^2 y/S)Dy4 > k+2—2\P\,a—P 

P^o Pjt 0 

- ig 3 ^ A) i0 jOO(cy + l)0fc-i,«+e,- + g 3 A lfi (t,y/g)Dy(j) k _ 2 ,a 

j 

+ g 3 A 2 fl(t, y/g)Dy(j> k _i }0l 

^ Rj,p,£,v,fi(ti y/Q)c a ,p,„(g 77^) Dy(f) k _i^ a j t _ u _jj 

i-\-3£-\-2\iy\-\-\fi\=jN-\-2\^\ 

t+W\+M<j+2 
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When j = 0 we find that £ +\v\ + \p\ = 0 , i — 2|/3| and we only have an expansion in ft 
in the last sum. Now if j > 0, £ + \v\ + \{i\ < j + 2 and i + 3£ + 2\v\ + |/i| = jN + 21/3| 
then we find that 

jN < i + 3£ + 2\v\ + \p\ < * + 3(j + 2) 

which gives i > j(N — 3) — 6 > N — 9 > 1 if iV > 10. Thus we find that (16. 20[) can be 
written as 

(6.21) D t $ k = + A^k-2 + • • • 

where A k dt is a uniformly bounded differential operator on S 3 for t E I and j > 0. 
We have that 

{}, = S{ 0 t k ,, + 

where S k0 (t ) is a uniformly bounded matrix depending on t, and S J kl (t,y/g, D y ) is a 
system of uniformly bounded differential operators of order 2 when \y\ < g. By letting 
= hfcj'Ibj with the fundamental solution E k> j to D t E k j = S J k0 E k j, E k j{ 0) = Id, 
(16.211) becomes a system of recursion equations in j and k. Thus (16.21[) can be solved 
in / with G S)) having initial values $*,(0) = 0, k > 0. We find from (16.81) and the 
definition of S y that 4>k(t,x,y) = (p k (Q 3 t, Q 2 x, gy) where tp k G C°° uniformly when ( G /. 
Thus we can solve the transport equation (16.11) up to any negative power of A. Observe 
that by cutting off in t and x we may assume that Lp k G C£° has fixed compact support 
in (x,y) and support where \t\ < g 3 . It follows that the support of (f) k can be chosen 
in an arbitrarily small neighborhood of T for large enough A. Changing to the original 
coordinates, we obtain the following result. 

Proposition 6.3. Assume that the conclusions in Proposition ^. 21 hold, and that (13.61) is 
satisfied nearT when the sign change of t ^ f(t,x o,£o) Is of infinite order. If g = X L ^ N 
for sufficiently large N, then for any K and M we can solve the transport equations (16.20)1 
for k < K and |a| < M near { (t,xo(t),y o) : t G [ti, ^ 2 ] }■ By (16. 8j) this gives 

x, y) = ip k {g 3 (t - t 0 ), Q 2 (x - x 0 (t)), g(y - y 0 )) k < K 

where tp k (t,x,y ) G C°° uniformly, has support where |x| + \y\ < 1 and |t| < g 3 , and 
99o(0,0,0) = 1 for some to G (ti, ^ 2 ) such that Imtco(to) = 0. 

7. The Rate of Change of Sign 

We have showed that 1 1 —y fit, x, £) changes sign from + to — on an interval I. Then 

(7.1) F(t) = j f(s,x Q (s),Z Q (s))ds = 

has a local maximum in the interval. By choosing that maximum as the starting point 
we may assume it is equal to 0 so that F(t) < 0. By changing t coordinate, we may 
assume F(0) = 0. We shall study how the size of the derivative / affects the size of the 
function F. 

Lemma 7.1. Assume that 0 > F(t) G C°° has local maximum at t = 0, and let It 0 be 
the closed interval joining 0 and t 0 G R. If 

max|F'(t)| = |F'(t 0 )| = n<l 
h 0 


f(s ) ds 
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with |f 0 | > k 8 for some g > 0, then we have min/ to F(t) < —C e n l+Q . The constant C e > 0 
only depends on g and the bounds on F in C°°. 

Proof. Let f — F' then since F(t) = F(0) + f* f(s) ds < f(s) ds it is no restriction to 
assume the maximum F{ 0) = 0. By switching t to —t we may assume to < — n 8 < 0. Let 

(7.2) g{t) = K _1 /(t 0 + tn e ) 

then \g(0)\ = 1, \g(t)\ < 1 for 0 < t < 1 and 

\g^ N \t)\ = ^ N - 1 \f^ N \t 0 + t^)\<C N 

when N > 1/g for 0 < t < 1. By using the Taylor expansion at t = 0 for N > 1/g we 
find 


(7.3) g(t) =p(t) + r(f) 

where p is the Taylor polynomial of order N — 1 of g at 0, and 


(7.4) 


r(t) =t N g (N \ts)( 1 - s)"- 1 ds/(N- 1)! 


is uniformly bounded in C°° for 0 < t < 1 and r(0) = 0. Since g also is bounded 
on the interval, we find that p(t) is uniformly bounded in 0 < t < 1. Since all norms 
on the finite dimensional space of polynomials of fixed degree are equivalent, we find 
that p^ k \ 0) = g^ k \ 0) are uniformly bounded for 0 < k < N which implies that g(t) is 
uniformly bounded in C°° for 0 < t < 1. Since |p(0)| = 1 it exists a uniformly bounded 
5 -1 > 1 such that \g(t)\ >1/2 when 0 <t<5, thus g has the same sign in that interval. 
Since g(s) = K _1 /(to + sk s ) we find 


(7.5) 


6/2 < 


g(s) ds 


fto+Sn e 


K 


~Q 


.-1 


K 


f{t) dt 


'to 


Since t 0 + 5n e < 0 we find that the variation of Fit) on [t 0 , 0] is greater than 5n 1+e /2 and 
since F < 0 we find that the minimum of F on I to is smaller than —8n l+e / 2. □ 


Proof of Lemma 177771 As before we let F(t) satisfy F(0) = 0 and F'(t) = /(f) where 
/(f) = f(t,Q,£o(t)) satisfies /(0) = 0. We have assumed that the estimate (13.6[) holds 
near T if /(f) vanishes of infinite order at f = 0. Observe that the term x' 0 {t) in Aq can 
be estimated by \d w f{t, 0, ^ 0 (f))| by (JUD, which gives that |A 0 (f,0)| < \d w f(t,0,£ 0 (t))\. 
We find from (B~3l) . P~6ll and (B~71l that \d t oj(t,0)\ < |/(f)| + \d w f(t,0,£ 0 (t))\ thus (16.Ill) 
follows if 


(7-6) |/(f)| + 


\m + Ao(s,0) + A!(s,Q,y/g) + A 2 (s,Q,y/g) ds 


> 


—3 


where now A 0 (f) = \d w f(t, 0, £ 0 (f))|, 

(7.7) Ai{t,y/g) = \A(t, 0, y/g, 0, / 0 (f), 0)| 


and 


(7-8) A 2 (t J y/g) = \\(%B{t, 0, y/g, 0,£ 0 (f), 0)|| 

In the following we shall suppress the y variables in (17.61) . the results will be uniform 
when \y\ < eg for some c > 0 since (13. 6 j) holds near T. Observe that if \f(s)\ and |A,(s)| 
are *C g~ 3 for 0 < j < 2 when s is between 0 and f, then (17.6ft does not hold. 
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We shall first consider the case when |/(£)| = \t\ m vanishes of finite order at t — 0. 
Then the order must be odd so we find F(t) = /(s) ds < 0 and c < \F(t)\/t 2k < C < 0 

for some k > 0. Thus we find 

rt 


(7.9) 


Q 


-3 < 


1/001 + A 0 (s) + Ali(s) + A 2 (s) ds 


< 


\t\<\m\ 1/2k 


implies that \F(t)\ > g 6k . Since A = g N we then obtain A F(t) < —g N 6k < — g = A 1/W 
if iV > 6k. The case when |t| 2fc_1 = \f(t)\ > g ~ 3 gives that \t\ > g~ 3 l 2k - 1 S o A F(t) < 


6fc 


— g ^^k-i < — g if N > 6. Now one of these cases must hold if (16. lip holds, so we get 
the result in the finite vanishing case. 

Next, we consider the infinite vanishing case, then we have assumed that condition (13.6[) 
holds, which means that 

2 

EAWSI/WI' 

j =0 


which implies that Alj(0) = 0 for all j. Now we assume that (17.6[) holds at t , by switching 
t and —t we may assume t > 0. Then we obtain for some s G [0,t] that |/(s)| > cg~ 3 
or A,-(s) > cg~ 3 for some c > 0 and j. Now we define t 0 as the smallest to > 0 such 
that |/(to)| = cg~ 3 or Aj{to) = cg~ 3 for some j, then to < t. Then we obtain from 
condition (13. 6 p in the first case that cg~ 3 = |/(to)| < |/(to)| e and in the second case that 

(7-10) cg~ 3 — Aj(t 0 ) < |/(t 0 )| e 

Since g = A 1 /Ar we hnd in both cases that 

(7.11) a _3/£JV = k < c|/(t 0 )| c>0 

where A 3> 1 if and only if n <C 1. By taking the smallest t 0 such that (17. lip is satisfied, 
we find that |/(t)| < |/(t 0 )| for 0 < t < t 0 . Since /(t) vanishes of infinite order at 
t = 0, we find by using Taylor’s formula that |/(t)| < Cjvf|t| M for any positive integer M. 
(Actually, it suffices to take M — 1.) Condition (17. lip then gives 

(7-12) k 1 /" < |/(i„)| 1/M < M 

so by using Lemma [7.II with g = 1/M we find that 

(7.13) min F(s) < -k 1+1/m = —A _3 ( 1+1 /M)/eN A > 1 

0<s<to 

Thus we find that min 0 < s < to F(s) < — A c 1 for some c > 0 if 3(1 + 1 /M)/eN < 1, i.e., 
N > 3(1 + l/M)/e, which gives Lemma 16.11 □ 


8. The proof of Theorem 2.7 

We shall use the following modification of Lemma 26.4.15 in HU- Recall that |M|(fc) 
is the Lr Sobolev norm of order k of u G C^° and let T>' r = {u G V : WF(ti) C T } for 
T C T* R n . 


Lemma 8.1. Let 


M 


u\(x) = \^ n 1 - )<5//2 exp(iAo;(a:)) ^ ipj(\ S ' x )\ je 

3=0 


( 8 . 1 ) 


A > 1 
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with g > 0, 0 < S < 1, oj e C°°(R") satisfying Imw > 0, | d R,e ou\ > c > 0, and 
Vj e ). Here u> and (pj may depend on X but uniformly, and <p>j has fixed compact 

support in all but one of the variables, for which the support is bounded by CX 5 . Then 
for any integer N we have 

(8.2) IKII(-iv) < C\~ N X > 1 

If Lpofx o) 7 ^ 0 and Imw(io) = 0 for some xq then there exists c > 0 so that 

(8.3) \M(-n) > c\ -^-1+^ A > 1 VN 
Let £ = fVi U, supp (A 5 •) and let T be the cone generated by 

(8.4) { (x, dco(x)), xeT, lmw(i) = 0} 

Then for any k we find X k u\ —> 0 in V' T so X k Au\ —$■ 0 in C°° if A is a pseudodifferential 
operator such that WF(A) fiT = 0. The estimates are uniform if oj e C°° uniformly with 
fixed lower bound on |dReu;|, and cpj e C/f uniformly with the support condition. 

In the expansion (18. ip we shall take g — 1/N and 5 = 3/N with N > 3, and the cone 
T will be generated by 

(8.5) { (t,x o (t),y o ,0,£, o (t),0) : tel} 

where I = {t : Imiy 0 (t) = 0}- Observe that the phase function in (14.2p will satisfy the 
conditions in Lemma ED near { (t, Xo(t),yo) : tel} since f,o(t) 7^ 0 and Imcu(t, x) > 0 by 
Proposition 15.21 Also, we find from Proposition 16.31 that the functions ipk will satisfy the 
conditions in Lemma [8.11 with 6 = 3/N after making the change of variables ( t,x,y ) 

(t — to,x — xq( t),y — 7/o) since <po(to,xo(to),yo) = 1. Observe that the conclusions of 
Lemma [ 8 . II are invariant under uniform changes of coordinates. 

Proof of Lemma \8.1l We shall modify the proof of [III Lemma 26.4.15] to this case. We 
have that 

M r 

( 8 . 6 ) h A (0 = A (n “ 1)5/2 X ~ j5 / e iXuj{x) - i{x ^ipj{X 6 x) dx 

3 =0 ^ 

Let U be a neighborhood of the projection on the second component of the set in (18.411 . 
When £/X U then for A 1 we find that 

U SU PP 3^ (Aw(a:) - (x, £))/(A + |f |) 

3 

is in a compact set of functions with non-negative imaginary part with a fixed lower 
bound on the gradient of the real part. Thus, by integrating by parts we find for any 
positive integer k that 

(8.7) MO I <C' fc A«"- 1 )/ 2 + ^(A+|e|)- fe f/A iU A» 1 

which gives any negative power of A for k large enough, since S < 1. If V is bounded and 
0 ^ V then since U\ is uniformly bounded in L 2 we find 

[ \uxm 2 a + m~ N df<c v x- 2N 

Jxv 


( 8 . 8 ) 
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which together with (18.7ft gives f!8.2[) . If x £ then we may apply (18.7ft to x u \i thus 
we find for any positive integer k that 

(8.9) |Ba(OI < C'A ((n - 1)/2+fe)<s (A + |e|)" fc e e W A » 1 

if W is any closed cone with (supp x x W) p| F = 0. Thus we find that X k u\ —> 0 in Dp 
for every k. To prove (18.31) we may assume that xo = 0 and take if G Qj 0 . If Imcj(O) = 0 
and <fo(0) ^ 0 then since 5 < 1 we obtain that 

(8 , 0) A „- ( „- I)5/2e -,K, = ^ {x)E ^-> x)X -, dx 

3 

^ J e i(R*dM0),x)^^-) dx A^oo 

which is not equal to zero for some suitable if G C^°. Since 

(8.11) IIV’(A-) ||(jv) < CnX n ~ u ^ 2 

we obtain from (18. lOj) that 0 < c < A^ + ”/ 2_ ( n_ P 5 / 2 ||uA||(-jv) which gives (18.3ft and the 
lemma. □ 

Proof of Theorem \2. 7[ By conjugating with elliptic Fourier integral operators and mul¬ 
tiplying with pseudodifferential operators, we may obtain that P* G T 2 , is on the form 
given by Proposition 13.21 microlocallv near T = { (t, xq, yo, 0, £o, 0) : f G I}. Thus we may 
assume 

(8.12) P* = Dt + F(t, x, y, Dt , D x , D y ) + R 
where R G satisfies WF (R) p|T = 0. 

Now we can construct approximate solutions U\ on the form (13.141) by using the ex¬ 
pansion (13. 150 . By reducing to minimal bicharacteristics, we may solve first the eikonal 
equation by using Proposition ^. 2l and then the transport equations (16.201) by using Propo¬ 
sition 16.31 with g = \ l / N for N > 3. Thus after making the change of coordinates 
( t , x,y) i —y (t — 1 0 , x — Xo(t ), y — yo) we obtain approximate solutions U\ on the form (18.11) 
in Lemma 18.11 with g = 1/N and 5 = 3/N. For N large enough, we may choose K and M 
in Proposition 16. 3l so that \(D t + F)u\\ < X~ k for any k. Now differentiation of (D t + F)u\ 
can at most give a factor A since 5 < 1 and a loss of a factor x — xq (f) gives at most a 
factor A 1 / 2 . Because of the bounds on the support of u\ we may obtain that 

(8.13) \\(D t + F)u x \\ M = 0(X- N - n ) 

for any chosen u. Since tp 0 (t 0 ,x 0 (to),yo) = 1 by Proposition 16.31 and Iimr(t 0 , x 0 (t 0 )) = 0 
by Proposition 15.21 we find by (j8.2ft - fl8.3ft that 

(8.14) X~ N ~% C X~ N -% + ^ < \\u\\ ( - N) < X~ N VN A> 1 

Since U\ has support in a fixed compact set that shrinks towards { (t,x 0 (t),yo) : t G 1} 
as A —> oo, we find from Lemma fSTTl that ||iTu||(y) and ||Au||( 0 ) are 0(X ~ N ~ n ) if WF(Al) 
does not intersect T. Thus we hnd from (18. 13ft and (18. 14ft that (12.17ft does not hold when 
A —> oo, so P is not solvable at V by Remark [2.101 □ 















































26 


NILS DENCKER 


References 

[1] Cardoso, F. and F. Treves, A necessary condition of local solvability for pseudo-differential equations 
with double characteristics, Ann. Inst. Fourier (Grenoble), 24(1), 225-292, 1974. 

[2] Colombini, F., P. Cordaro, and L. Pernazza, Local solvability for a class of evolution equations, J. 
Fund. Anal, 258(10), 3469-3491, 2010. 

[3] Colombini, F., L. Pernazza and F. Treves, Solvability and nonsolvability of second-order evolu¬ 
tion equations, in Hyperbolic problems and related topics, Grad. Ser. Anal., 111-120, Int. Press, 
Somerville, MA, 2003. 

[4] Dencker, N., The resolution of the Nirenberg-Treves conjecture, Ann. of Math. (2), 163(2), 405-444, 
2006. 

[5] _, Solvability and limit bicharacteristics, J. Pseudo-Differ. Oper. Appl. 7(3), 295-320, 2016. 

[6] Egorov, Ju. V., Solvability conditions for equations with double characteristics, Dokl. Akad. Nauk 
SSSR, 234(2), 280-282, 1977. 

[7] Gilioli, A. and F. Treves, An example in the solvability theory of linear PDE’s, Amer. J. Math., 96, 
367-385, 1974. 

[8] Goldman, R., A necessary condition for the local solvability of a pseudodifferential equation having 
multiple characteristics, J. Differential Equations, 19(1), 176-200, 1975 

[9] Hormander, L., The Cauchy problem for differential equations with double characteristics, J. Anal¬ 
yse Math., 32, 1977, 118-196. 

[10] _, Pseudodifferential operators of principal type, in Singularities in boundary value problems 

(Maratea, 1980), NATO Adv. Study Inst. Ser. C: Math. Phys. Sci. 65, 69-96. Reidel, Dordrecht, 
1981. 

[11] _, The Analysis of Linear Partial Differential Operators, Vol. I IV, Springer Verlag, Berlin, 

Heidelberg, New York, Tokyo, 1983-1985. 

[12] Mendoza, G. A. and G. A. Uhlmann, A necessary condition for local solvability for a class of 
operators with double characteristics, J. Fund. Anal, 52(2), 252-256, 1983. 

[13] _, A sufficient condition for local solvability for a class of operators with double characteristics, 

Amer. J. Math., 106(1), 187-217, 1984. 

[14] Mendoza, G. A., A necessary condition for solvability for a class of operators with involutive double 
characteristics, in Microlocal analysis (Boulder, Colo., 1983), Contemp. Math. 27, 193-197, Amer. 
Math. Soc., Providence, RI, 1984. 

[15] Nishitani, T., Effectively hyperbolic Cauchy problem, in Phase space analysis of partial differential 
equations Vol. II, Pubbl. Cent. Ric. Mat. Ennio Giorgi, 363-449, Scuola Norm. Sup., Pisa, 2004. 

[16] Popivanov, P., The local solvability of a certain class of pseudodifferential equations with double 
characteristics, C. R. Acad. Bulgare Sci., 27, 607-609, 1974. 

[17] Treves, F., Concatenations of second-order evolution equations applied to local solvability and lry- 
poellipticity, Comm. Pure Appl. Math., 26, 201 -250, 1973. 

[18] _, Introduction to pseudodifferential and Fourier integral operators, Vol. 2, The University 

Series in Mathematics, Plenum Press, New York London, 1980. 

[19] Wenston, P. R., A necessary condition for the local solvability of the operator P)f(x,D) + 
P 2 m-i{x, D), J. Differential Equations, 25(1), 90-95, 1977. 

[20] _, A local solvability result for operators with characteristics having odd order multiplicity, 

J. Differential Equations, 28(3), 369-380, 1978. 

[21] Wittsten, J., On some microlocal properties of the range of a pseudodifferential operator of principal 
type. Anal. PDE, 5(3):423-474, 2012. 

[22] Yamasaki, A., On a necessary condition for the local solvability of pseudodifferential operators with 
double characteristics, Comm. Partial Differential Equations, 5(3), 209-224, 1980. 

[23] _, On the local solvability of D\ + A(x 2 , D 2 ), Math. Japon., 28(4), 479-485, 1983. 

Centre for Mathematical Sciences, University of Lund, Box 118, SE-221 00 Lund, 

Sweden 

E-mail address : dencker@maths.lth.se 



